METHODS OF APPLIED MATHEMATICS COMPREHENSIVE
EXAMINATION JANUARY 2018

Work on as many of the following problems as possible. Turn in all your work.

(1) Consider the mass-spring system consisting of a mass M, attached to a fixed
wall by a spring with Hooke's constant k,, and a second mass M attached to
My by a second spring with constant ks, The masses are constrained to move
along the z-axis, with the wall at x = 0 and position of M, and My at z,(t)
and z»(t), respectively, with z2(0) > ,(0) > 0.

(2) Write down the Newtonan dynamics according to Hooke's law (linear
elasticity). Sketch the solution of the resulting ODE’s for the functions
z1{#) and za(1).

(b) Non-dimensionalize with 1espect to the relevant scales of the setup (inasscs,
spring constants and initial displacements), and identify non-dimensional
parameters.

(¢) Evaluate a perturbation solution in the small non-dimensional parameter
Ao/M; <« 1 and sketch the asymptotic solutious in this case as the other
parameters vary.

(d) Discuss the differences between this setup and that of a sinusoidally forced
harmonic oscillator M3j + ky = Asin{wt) as the parameters M, k,w vary
over the positive reals. Can you identify regimes for which this simple sys-
fem approximates the dynamics of the two-mass set up? What happens
to energy conservation in either situation? Discuss.

(2) Consider the eigenvalue problem on the half linez 2 0
af = (U(z)+ Ny =0, y(0) =0, y{x}) = 0, as 2 = +00.

with the potential:
U(z) =ad(x— L)

where 6(z) is the Dirac delta function.

{a) Discuss allowable values of the spectrum, A, and allowable values of the
parameter, a, to have a solution.

(b) Calculate the eigenvalue(s) and eigenfunctions with £, > 0 fixed as ¢ — 0.
How does this result compare with the free space case? Third,

{c) Discuss the case with L ~ ¢, for b > 0. Is there a critical distinguished
limit?

(3) Consider the boundary value problem
Eazu } Pu
oz ' Ay
1(0,y) = gly), w(l,y) =0, wule,0)= f(z), u(z,1)=0,
in (z,y) € [0.1} x [0,1], for some functions f{z), g(y). Find the first term
in an asymptotic expansion of the solution as ¢ = 0. The functions [ and g
can Le taken to be smooth but arc otherwise generic (i.c., do not take special
values in [0,1]). If you cannot solve any of the differential equations necessary
for your procedure, just set them up properly (i.e., state the proper equation
with proper initial and/or boundary conditions cte. ).
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(4} Consider the functions of a complex variable z =  + 1y

F(z) =/ Vzsinh 7, g(z) = 2%, hiz)= vzi41

of the complex variable :.

{a) Choose branch cuts for f to be single valued in the complex z planc.

(L) Show that the level set Im(g(2)) = 1 becomes the real axis y =0 as
T —+ co. What does this imply for the graph of imaginary part of the
function g(z) along the vertical line « = g, o large?

(¢) Can the function A be defined to be single valued in the domain exterior
to the cirele |2] = 27 Discuss.

(5) Find the first termin the asymptotic expansion of

0= [ o D)

a8 T — 400, where C is a closed contour around the origin.

(6) Solve the following PDE using the method of chiaractoristics

u du Ju
-E)I+f(!')70:+g('r’£)§;§ =0
f{t) = Acoswt
. g{z,t) = Bcoswlsinar

with the step function initial condition, u{z,y,0) = F{y). Calculate the
support set of the jump discontinuity, y = y(z, ), and sketch its evolution.
(7) (&) Find two term asymptotic expansions as ¢ - 0 for roots of the equation
€2’ + (2 =52 = ¢z

(analyze carefully the unperturbed root at z = 5, and analyze one root
coming in from infinity.)

(b) Find a two term asymptotic expansion for the z = 0 unperturbed root of
the equation

F —— |
e ™ = ¢

(8) (a) Explain the difference between pointwise convergence and asymptotic
convergence. lllustrate with the particnlar example of power series.
(b) Under which conditions can term-hy-tenn differentintion be applied to
an asymptotic series?
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